We explain a technique that recovers the structure and the modal weights of spatial modes of lasers from a limited number of spatial coherence measurements. Our approach interpolates the unobserved spatial coherence measurements via the low-rank matrix completion algorithm based on nuclear norm minimization and then extracts the set of modes via singular value decomposition. Numerical examples are provided on a variety of lasers to demonstrate the effectiveness of the method, and it is shown that the proposed method can further reduce the number of measurements by a factor of 2 for a moderate data size.
Knowledge of the modal composition of a quasi-monochromatic beam is of interest for a variety of reasons. The beam quality is a function of the spatial structure, which impacts how the beam propagates both through space and through optics. The modal structure can also provide clues about the structure of the source or defects therein. There has also been much interest lately in mode-division multiplexing [1] , wherein different spatial modes in a fiber are used as separate channels in a fiber.
The spatial mode structure of a source or beam can be measured in a variety of ways. If the basis set of modes (e.g., Hermite Gaussian) is known a priori, then the modes and their weights can be obtained directly from intensity measurements [2] [3] [4] . The basis set is not generally known, however, for many realistic sources such as laser diodes or planar waveguides on a chip. For purposes of determining beam quality and analyzing its changes propagating through optics, the beam may be decomposed in an arbitrary set of mutually orthogonal spatial modes [5] .
To find the true physical modes of a source (which are mutually orthogonal and mutually incoherent), intensity measurements are not sufficient. One can in principle separate individual spatial modes spectroscopically, provided that one is certain none are frequency-degenerate. The alternative is to measure the spatial coherence, from which the modal structure can be deduced [6] [7] [8] . Such measurements can be made via Young's double-pinhole experiment or variations thereof [7, 9, 10] , lateral shearing interferometry [11, 12] , or reverse-wavefront interferometry [6, 13] .
The theory connecting spatial modes and spatial coherence has been described elsewhere [6] , but briefly, if a given mode ψx; y; z is separable in x and y, then it can be shown that for stationary fields the mutual intensity function J 12 between two points x 1 ; x 2 can be expressed as (in one dimension)
where λ m is the power weight of the mth mode. This relationship was derived in the frequency domain in [14] but for quasi-monochromatic beams where the frequency part is a delta function and therefore constant in the time domain. The mutual intensity J 12 is complex, and the real part of Eq. (1) is
where ϕ m is the amplitude function of Eq. (1). The mutual intensity J 12 is measured by interfering the beam at x 1 with the beam at x 2 and observing the maximum and minimum intensities of the fringes:
where K 1 and K 2 are the transmissions of each interferometer arm.
To fully characterize the lateral modes, one needs to generate a large matrix of coherence data between combinations of pairs of points x 1 and x 2 and then analyze the matrix, for example, by singular value decomposition (SVD) if the matrix is complete. The mutual intensity between different points in Eq. (2) can be reorganized into an N × N mutual intensity matrix R, and its SVD is written as
The matrix R is real and positive semi-definite (PSD), where its rank reveals the number of modes, its eigenvectors corresponding to nonzero eigenvalues specify the shapes of the spatial modes, and its nonzero eigenvalues specify the power weights of the modes.
The mutual intensity matrix may not be completely observed. For example, in the twin-fiber method [15] , the spatial coherence is measured using a twin-fiber interferometer [10] . In this apparatus, shown in Fig. 1 , the ends of two single mode fibers are attached to movable stages and sample the free-space beam at two locations, x 1 ; y 1 and x 2 ; y 2 . The fibers are joined in a single mode coupler that sums the fields. One fiber is then lengthened by a few wavelengths longitudinally, using a piezoelectric fiber stretcher, to introduce a time difference τ, producing fringes in time that are measured at the coupler output. This technique has several benefits, especially that it does not require diffraction of the beam from two pinholes and thus can collect more light, but a downside is that the two stages cannot pass through each other, and the physical size of the fiber (250 μm including the jacket in this Letter) limits how close together in space x 1 ; y 1 and x 2 ; y 2 are. For these reasons, only the upper triangle of the correlation matrix can be measured, and several diagonals are missing. The resolution of the measurements within the collectible region is limited by the resolution of the translation stages. The lower triangle is filled in from the data from the upper triangle, which must be the same.
Given the missing data in several diagonals of the correlation matrix, SVD cannot be relied on. Previously this was solved by using a Jacobian method [16] , which is an alternating projection method that alternates between maintaining the orthogonality of modes and a leastsquares fit to the measured data. Still, whatever method is used to collect the data, it would be beneficial to reduce the amount of data needed to successfully retrieve the modes.
In general it is hopeless to reconstruct the unobserved entries in a mutual intensity matrix if no prior information is given about the coherence data. However, the recently proposed theory of matrix completion (MC) [17, 18] indicates that it is possible to exactly recover a low-rank matrix by only observing a small subset of its entries. Specifically, we observe a random subset of entries of R ∈ R N×N , where the index set of observed entries is denoted by Ω. The rank of R is denoted by r. We seek a matrix V ∈ R N×N with the minimal rank such that the observed entries are satisfied, i.e., min V rankV s:t:
where P Ω R is the projection of the matrix R to the observed subset of entries in Ω. The rank minimization in Eq. (4) is NP-hard and cannot be solved efficiently. It is proposed in [17, 18] to solve a convex relaxation of Eq. (4),
where ‖V‖ denotes the nuclear norm of V, which is the sum of its singular values. Fortunately, the nuclear norm has been proven to be a very effective convex surrogate of the rank operation. As long as the number of measurements is slightly above the information-theoretic lower bound, i.e., jΩj > cNr log 2 N for some constant c, and R satisfies certain mild coherence conditions that the projection of Φ to each canonical basis is spread out, then solving Eq. (5) can still obtain the exact solution of Eq. (4) with high probability. When r ≪ N, this results in a great savings in the number of required measurements in order to recover the matrix R. However, these theoretical guarantees are still quite pessimistic to guide practical performance, which usually is much better. The algorithm in Eq. (5) is computationally tractable and can be solved using off-the-shelf solvers such as CVX [19] . In most laser diodes, and low-mode fibers and waveguides, the mutual intensity matrix R is expected to be of low rank, and hence it is possible to apply MC and recover the unobserved mutual intensities that cannot be measured in a physical experiment. In particular, since R is PSD, we replace the nuclear norm in Eq. (5) by the equivalent trace norm and obtain the algorithm min V TrV s:t:
where TrV is the trace of V, which is the sum of diagonal entries. When the observations are contaminated by noise, we relax the equality constraint in Eq. (6) and solve min V TrV s:t:
where ‖ · ‖ F denotes the Frobenius norm. The parameter ϵ is a regularization parameter and is usually set proportional to the noise level. Once the whole mutual intensity matrix is recovered, the modes and power weights of the spatial modes are then found by performing SVD on the recovered complete matrix V. We comment on the difference between the MC method and the Jacobian method [16] . Unlike the Jacobian method, the MC method does not require one to specify the number of modes a priori. The orthogonality between spatial modes is satisfied automatically, since the modes are calculated as the top eigenvectors of V in the MC method, while this has to be set as an additional constraint in the Jacobian method.
We test the proposed mode extraction method on some ridge waveguide Fabry-Perot edge-emitting laser diodes of varying stripe widths using the twin-fiber method [15] . The lasers are made in the GaAs/AlGaAs system with an InGaAs single quantum well. The laser is already known to be single-spatial-mode in the transverse direction (perpendicular to the junction plane), so only the lateral modes (parallel to the junction plane) are investigated here. Although the set of observations is not random as required by the theory of MC [17, 18] , our numerical experiments indicate the effectiveness of the approach. The MC algorithm in Eq. (7) is implemented using the CVX toolbox [19] , with ϵ 10 −3 for the first three lasers and ϵ 0.02 for the last laser, since the measurements are more noisy. Given the eigenvalues fλ i g r i1 of the completed matrix, the field weight of the ith mode is calculated as λ i p ∕ P r i1 λ i p , and the power weight of the ith mode is calculated as λ i ∕ P r i1 λ i . Figure 2 shows the reconstruction of spatial modes for four lasers, corresponding to the four columns. The first row gives the measured mutual intensity matrix with missing main diagonals, the second row gives the reconstructed mutual intensity matrix via MC, and the third row shows the reconstructed spatial modes via calculating the SVD of the reconstructed matrix. The number of recovered modes is selected so that the energy in the residual is comparable to the noise level ϵ.
The first column of Fig. 2 shows the result for laser LD10, which has a stripe width of 10 μm. The size of R is 49 × 49, and there are nine diagonals missing. We reconstructed two spatial modes. The laser does not have analytic or even symmetric modes, thought to be due to irregularities in the refractive index or gain profile of the laser. The reconstructed field weights are 68% and 32%, and the power weights are 82% and 18%.
The second column of Fig. 2 shows the result for laser LD15, with a 15 μm stripe width. The size of R is 41 × 41, and there are nine diagonals missing. We reconstructed three spatial modes. The reconstructed field weights are 89%, 6%, and 5%, and the power weights are 99.2%, 0.5%, and 0.3%.
The third column of Fig. 2 shows the result for laser LD20, with a 20 μm stripe width. The size of R is 41 × 41, and there are five diagonals missing. We again found two spatial modes. The reconstructed field weights are 95% and 5%, and the power weights are 81% and 19%.
The fourth column of Fig. 2 shows the result for laser P10. The size of R is 29 × 29, and there are three diagonals missing. We reconstructed two spatial modes. The reconstructed field weights are 83% and 17%, and the power weights are 96% and 4%. This laser is included as an illustration of the effects of noise. These data were known to be noisier, since they were taken earlier with a less refined experimental setup. When ϵ was set to 10 −3 as for the above lasers, the retrieved modes were overfitted to account for the noise. The modes could be retrieved by relaxing ϵ to 0.02 as noted earlier.
To assess the efficacy of the MC method, we compared the results to those obtained by the Jacobian method with the same data. Figure 3(a) shows the modes obtained for LD20 by both methods. The retrieved modes were in good agreement with those obtained by the Jacobian method, and this is true for all four lasers. Figure 3 (b) plots the beam reconstructed from the MC method, compared to the intensity profile measured by scanning a single fiber across the beam. The beam reconstructs well, giving credibility to the retrieved modes. It is interesting to note that all the lasers had more structure in even their fundamental modes (fundamental in the sense of being the highest power) than one would expect. Probably the result of uneven gain, one would have guessed from the intensity profile that several higher-order modes were present. It is also surprising that the 15 μm stripe laser had more lateral modes than the 20 μm stripe laser. This reinforces the importance of recovering the true physical modes for clues to understanding the laser dynamics.
It is possible to further reduce the number of samples in the measured data matrix while still achieving a faithful reconstruction with the MC method. For that purpose, we assume we observe a random subset of entries in the upper diagonal of laser LD15, and attempt to recover the mutual intensity matrix via MC. Figure 4 shows the normalized mean-squared error of the reconstructed matrix using a subset of the measured data and that using all measured data. The number of observed entries of LD15 is 741, and it can be deducted from Fig. 4 that the reconstruction is quite accurate with about 300 measurements, which is a reduction by more than half compared with the original approach.
We note that [20] also uses nuclear norm minimization to recover a low-rank correlation matrix from a small set of linear measurements in phase space tomography. In contrast, we directly observed a subset of entries in the mutual intensity matrix. Fig. 4 . Normalized mean-squared error of the reconstructed matrix using a subset of the measured data and that using all measured data.
